Let M be a complete Einstein manifold of negative curvature, and assume that (as in the AdS/CFT correspondence) it has a Penrose compactification with a conformal boundary N of positive scalar curvature. We show that under these conditions, H n (M ; Z) = 0 and in particular N must be connected. These results resolve some puzzles concerning the AdS/CFT correspondence. October, 1999 
Introduction
Suppose that M is a complete Einstein manifold of negative curvature and dimension n + 1 and that the conformal boundary of M , in the sense of Penrose [1] , is an n-manifold N . This means that M is the interior of an n + 1-dimensional manifold-with-boundary M , whose boundary is N , and that the metric g of M can be written near the boundary as
where t is a smooth function with a first order zero on ∂M , and positive on M , and g ij (x, t)dx i dx j is an t-dependent family of metrics on M . Thus, t ≥ 0 on M and t = 0 on N . In this situation, g 0 = g(x, 0) is a metric on N . If t is replaced by a different function with a first order zero on ∂M , say t ′ = e ω t, then g 0 undergoes a conformal transformation g 0 → g ′ 0 = e 2ω g 0 , so N actually has a natural conformal structure but not a natural metric.
If, in the conformal class of metrics on N , there is a representative with positive (or zero, or negative) scalar curvature, then we say that N has positive (or zero, or negative) scalar curvature.
There is a correspondence between conformal field theory on N and quantum gravity, or string theory, on M [2] [3] [4] . To be more precise, the correspondence asserts (see [4] , section 3) that to do conformal field theory on N with a given conformal structure g 0 on N , one must sum over contributions of all possible n + 1-dimensional Einstein manifolds M with conformal boundary N and induced conformal structure g 0 . Actually, the full correspondence involves a number of additional details that we will omit in the present paper. For example, one usually must consider not n + 1-dimensional Einstein manifolds M , but manifolds of dimension n + k + 1 obeying appropriate supergravity equations and asymptotic at infinity to X = M ×Y , where Y is a fixed compact k-manifold characteristic of the conformal field theory that one chooses to consider. (Examples are given in [2] .)
Our results could possibly be extended to theorems about the possible X's (showing for example that under suitable hypotheses the ideal boundary of X is connected), but for simplicity we will consider only the case that X = M × Y , and analyze the possible M 's.
Topological Conditions
Presented with this correspondence, one wonders how one can characterize the M 's that exist for given N . Are there general topological conditions on M ? For some choices of N , can one find all of the M 's? In this paper, we will prove the following general restriction: if N has positive scalar curvature (and is nonempty), then H n (M ; Z) = 0. We explain below the physical interpretation of this restriction.
The role of positive scalar curvature is suggested by the most canonical example of a complete, negatively curved Einstein manifold, namely hyperbolic space H n+1 , or -as it is known in the supergravity literature -Anti de Sitter space AdS n+1 . In this case, the conformal boundary N is a sphere S n , with the standard conformal structure which has as a representative the standard "round" metric. This metric certainly has positive scalar curvature. Because of the basic role played by this example, the correspondence between quantum gravity in n + 1 dimensions and conformal field theory in n dimensions is sometimes called the AdS/CFT correspondence.
In general, conformal field theory can make sense on a manifold of negative scalar curvature, but the specific conformal field theories that arise in the AdS/CFT correspondence, at least in the examples studied so far, are well-behaved only when the scalar curvature of N is non-negative. In the important case that N is a four-manifold, this can be seen directly: in this case, the conformal field theories are four-dimensional gauge theories which contain scalar fields whose potential is unstable if the scalar curvature of N is negative.
More generally, one sees by considering the action of a suitable brane in M [5, 6] that if N has negative scalar curvature, the theory is unstable. The argument, whose details we recall in section 2, is made by considering a brane in M whose worldvolume is a codimension one hypersurface Σ ⊂ M . One considers the brane action L(Σ) (which we will define in section 2) and shows that it is unbounded below if N has negative scalar curvature. If N has positive scalar curvature, the theory is stable, and if N has zero scalar curvature, it may be stable or unstable depending on further details.
Two Puzzles Concerning The AdS/CFT Correspondence
We therefore limit ourselves to the case that N has positive scalar curvature. Consider the following two puzzles concerning the AdS/CFT correspondence:
(1) Can it happen that N is not connected but is a union of disjoint components N i , i = 1, . . . , s, each of positive scalar curvature? If so, the AdS/CFT correspondence does not make much sense. For conformal field theory on a union of disjoint manifolds N = ∪ i N i is just the product of the theories on the different N i 's. There is no evident way to couple them, and hence no candidate for how to interpret the contribution of an M whose boundary is ∪ i N i .
(2) For given N of positive scalar curvature, can M contain "wormholes"? A wormhole is obtained by cutting out two balls from a manifold M 0 and then gluing together their boundaries to make a new manifold M . If M can have such wormholes, then to understand the conformal field theory on N , we will have to come to grips with the strange behavior of quantum gravity in the presence of wormholes [7, 8] .
We will resolve both of these problems by showing that they simply do not arise for N of positive scalar curvature. This follows from our result that for such N , H n (M ; Z) = 0. Indeed, in (1) , if the number of boundary components is greater than one, then a hypersurface that is near one of the boundary components (defined by an equation such as t = ǫ, where t is the coordinate used in (1.1) and t = 0 defines the boundary in question) is a nonzero element of H n (M ; Z). Hence vanishing of H n (M ; Z) implies that N is connected. Likewise, in (2), a spacetime M with wormholes would have nonzero H n (M ; Z), since the boundary of either of the balls removed from M 0 is a nonzero element of H n (M ; Z). Hence vanishing of H n (M ; Z) implies that there are "no wormholes."
Results of this type definitely depend on N having positive scalar curvature. For example, let Q be any compact negatively curved Einstein manifold of dimension n, with metric g ij dx i dx j . Then a complete Einstein metric of negative curvature on M = Q × R is given by the simple formula
The conformal boundary of M consists of two copies of Q, at t = ±∞. This shows that if the conformal boundary of M has negative scalar curvature, then H n (M ; Z) can be nonzero. Note that in this example, each component of N has negative scalar curvature.
In fact, our proof shows that H n (M ; Z) = 0 if any component of N has positive scalar curvature.
An interesting corollary of the fact that, under the stated hypotheses, N must be connected is that the natural map from π 1 (N ) to π 1 (M ) is surjective. (For example, M must be simply connected if N is simply connected.) Otherwise, by taking a suitable cover of M , one could make an example with disconnected N of positive scalar curvature.
Structure Of The Argument
The proof that H n (M ; Z) = 0 for a boundary of positive scalar curvature will be made 
Local Calculation
Let M be an n + 1-dimensional Einstein manifold of negative curvature and nonempty conformal boundary, for some n ≥ 2. Let Σ be a compact hypersurface in M . We denote its area or volume as A. Since M has a nonempty boundary, the volume form Θ of M is exact, say Θ = dΛ for an n-form Λ. The brane action (for a BPS brane) is defined by
Note that if Σ is the boundary of a domain Ω, we have
where
is the volume enclosed by Σ. Λ is not unique, but changing Λ will add to L a term that is a constant in each homology class, and this does not affect the variational problem that we will consider below. (In the physical application, Λ is an n-form field of the appropriate supergravity theory, and any choice of Λ makes sense.)
The importance of positive curvature for the boundary is that it is necessary in order to ensure that L(Σ) is bounded below. This follows from a computation performed in [5] and in greater generality in [6] . As in the introduction, we write the metric near the boundary as
We consider Σ to be homotopic to the boundary and to be defined by an equation t = t(x i ).
We write
for n > 2 2e
The brane action then becomes for small t or equivalently large φ
Here we have identified Σ with the boundary at t = 0, and we regard g ij (x, 0) as a metric g ij on Σ; R is the scalar curvature of this metric. 1 The brane action is conformally 1 In deducing (2.6), one uses the Einstein equations to determine the behavior of g ij (x, t) near t = 0. For details, see [6] , eqns. (3.6)-(3.8).
invariant; indeed, under t → e ω t (where ω is a function on the boundary, that is, on Σ),
we have g ij → e 2ω g ij and in view of (2.5)
For L to be bounded below, it must be bounded below in the region of large φ, where the corrections in (2.6) can be dropped. Whether this is so depends, for n > 2, on the spectrum of the conformally invariant operator
where △ is the Laplacian. If △ ′ is positive definite, L is bounded below at least in the region of large φ; if it has a negative eigenvalue, then L is unbounded below; and if the smallest eigenvalue of △ ′ is zero, then one must consider the correction terms in (2.6) to determine if L is bounded below in the large φ region. The lowest eigenvalue of △ ′ is positive, negative, or zero depending on whether, in the conformal class of the metric g ij on Σ, there is a representative of positive, negative, or zero scalar curvature.
Thus we learn that, for n > 2, stability requires that Σ have nonnegative scalar curvature. For n = 2, the same conclusion can be reached by first replacing g with a conformally equivalent metric e 2ω g with constant R, and then noting that for constant φ and φ → +∞, L is bounded below if R ≥ 0 and unbounded below if R < 0.
Properties Of A Minimum Of L
So far we have merely summarized the considerations in [5, 6] . Now, assuming that the boundary of M has positive scalar curvature, we want to try to get a restriction on the topology of M . The computation performed above suggests that (for a boundary of positive scalar curvature) L is bounded below. If so, we may expect that L will have an absolute minimum for each nonzero choice of the homology class of Σ in H n (M ; Z). (The reason that one suspects a minimum for each homology class, not each homotopy class, is that in varying a hypersurface Σ to minimize L, Σ may develop a singularity. In passing through such a singularity, the homology class of Σ does not change, but the homotopy class may.) The existence of such a minimum will be proved in section 3. We will now show, however, by a local computation that L cannot have a minimum. Combining these results, it will follow that H n (M ; Z) = 0, which is the result that was promised in the introduction.
We assume that the Einstein manifold M obeys
(The choice of constant on the right hand side is correlated with the choice of constant n multiplying the second term in the brane action (2.2). We denote indices of M by I, J, K = 1, . . . , n + 1 and indices of the hypersurface Σ by i, j, k = 1, . . . , n.)
We now want to study a hypothetical extremum Σ of L. We suppose that Σ is an embedded submanifold. In a neighborhood of Σ, we can pick one coordinate, r, to be the distance from Σ, and pick the other coordinates x i so that the metric near Σ is
We let g ij = g ij (x, 0) be the metric on Σ, and we writė
(Thus, the second fundamental form of Σ isġ/2, and the mean curvature is Tr g −1ġ /2.)
We can describe a fluctuation in the position of Σ by specifying r as a function of x.
To determine the conditions for Σ to be a local minimum of L, we need to evaluate L up to second order in r. Writing g = g + rġ + 1 2 r 2g + . . ., we calculate to this order
(2.12) Also, to this order
(2.14)
The condition for L to be stationary at r = 0 is
For r = 0 to be a local minimum requires
If N is a real symmetric n × n matrix, then
with equality only if and only if N is a multiple of the identity. Applying this to N = g −1ġ ,
for which Tr N = 2n, we learn that (2.19)
Let R ij and R be the Ricci tensor and scalar of Σ, and R ij , R the analogous objects of M . The relevant part is
Now we use the Einstein equations at r = 0; the equation R rr = −ng rr = −n gives
Using also the inequality (2.16) that followed from stability, we get
Comparing to (2.18), we learn that all the inequalities must be equalities, forcingġ = 2g, R = 0, and Tr g −1g = 4n.
So the possibility that the action L has a stable nondegenerate minimum is excluded.
Note that the analysis has been purely local and makes no assumption about the global structure of M .
As for the case of a degenerate minimum where the order r 2 term vanishes, a further analysis that we will explain momentarily shows that this can happen only in an example of the following type. If the metric g ij on Σ is Ricci-flat, then the metric We conclude by giving the proof that a degenerate minimum of L must be of the form just described. Let L(c) = L(Σ c ). We have from (2.14)
Since we assume that L is locally minimized at c = 0, we have dL/dc ≥ 0 for small positive c, and hence
On the other hand,
Using (2.21), this becomes
Using (2.17), with N = g −1ġ , this implies an inequality In the above, we can replace the Einstein equation R IJ = −ng IJ by an inequality R IJ ≥ −ng IJ , since this would only improve the crucial inequality (2.21). Physically, this corresponds to having additional matter fields excited in an asymptotically AdS spacetime.
We summarize our results as follows:
The functional L(Σ) = A − n Σ Λ for an embedded hypersurface Σ in an n+1-dimensional Einstein manifold M of Ricci curvature greater than or equal to −n does not have any local minimum. Any critical point of this functional is either unstable or is neutrally stable and of the form given in (2.23). The neutrally stable case is only possible if the Ricci curvature is precisely −n.
Existence
In this section, we will prove existence theorems for a hypersurface Σ, in a given homology class, that minimizes the functional L(Σ) = Area(Σ) − n Σ Λ. Here Σ is a hypersurface in a complete n + 1-dimensional manifold M of Ricci curvature −n that has a conformal boundary as described in the introduction and the last section. Σ that is smooth except in high codimension is good enough for our purposes, because the arguments of section 2, though formulated for smooth Σ, can be extended to the case that Σ has a singularity of high codimension.
2
To apply this existence result for Σ to the case that M is noncompact and has a Penrose compactification, we first introduce a cutoff in the volume of M as follows. We recall that near each conformal boundary component ∂M i of M , the metric of Σ looks like
with the boundary being at t = 0. We cut off the "ends" by restricting to t ≥ ǫ i , with We turn now to the proofs. We begin with some preparations. The following is a well-known fact: (0, l). We also suppose that σ(s, l) is a geodesic. We shall parametrize σ(0, t) by arc length so that t = length σ(0, t). Then
is perpendicular to dσ dt for all t. Direct calculation shows that
, the right hand side is minimized by setting
Then the second derivative of ρ is not less than
if the derivatives are taken along directions orthogonal to the shortest geodesic joint to x 0 . It is not less than 2 if the direction is tangential to the shortest geodesic joint to x 0 .
Hence the second derivative is always not less than
Let Σ be a hypersurface with mean curvature bounded above by c. 3 Then restricting ρ to Σ, we find
This follows because the second derivatives on Σ differ from the ones on Σ by the second fundamental form after being renormalized by the gradient of ρ, whose norm is less than 2d = 2 √ ρ. (The first derivative of the geodesic distance is not greater than one.)
Let us now assume that distance from x ∈ Σ to ∂M is greater than √ R. Integrating the above inequality on Σ ∩ {ρ ≤ R}, we obtain
(Here we have used the fact that, since the normal derivative of d is at most 1, the normal derivative of ρ is not greater than 2 √ R when ρ = R.)
(3.10)
In particular,
Lemma 2. Let Σ be a hypersurface with a mean curvature bounded above by c in a manifold M whose sectional curvature is bounded above by a constant k. Let x 0 ∈ Σ be a point so that the distance from x 0 to ∂M is greater than R. Then if R < π 2 √ k and if the geodesic distance (of M ) from x 0 is smooth within B x 0 (R) the ball of radius R, then the area of B x 0 (R) ∩ Σ is not less than cR n where c depends only on dim M , √ kR and cR.
The assumption that the geodesic function from x 0 is smooth will be true if R is small enough. This can be seen as follows. The only reason that the geodesic distance may not be smooth at x is that there may be two distinct geodesics with shortest distance joining
x to x 0 . By minimizing the distance of such geodesics, one can find a point x so that the distinct geodesics at x have exactly opposite directions and hence there is a smooth geodesic loop at x 0 .
Let us now assume that for some constant α > 0, the map
, the exponential map from the tangent space at x 0 is non-singular everywhere in a ball of radius R.
The geodesic loop at x 0 bounds a disk within B x 0 (R) and hence can all be lifted up to the tangent space. This is not possible as the lifting of any geodesic at x 0 must be a straight line and cannot be a closed loop.
The condition for smoothness of geodesic distance is therefore satisfied if we can find
and for all x 0 with distance greater than R from ∂M . This condition is clear for manifolds with compactification of the type described in section 1.
From now on, we shall choose R so that all the above assumptions are satisfied.
Suppose {x 1 , x 2 , . . . , x m } are points on Σ so that the balls
) are mutually disjoint and Σ ⊂ ∩ i B x i (R). We also assume distances from x i to ∂M is greater than
is bounded from below by a positive constant depending only on R, c and √ k, we conclude that m is dominated by Area (Σ). This number m can be considered as a quantity that measures the outer diameter of Σ.
Let us now assume that M is a compact manifold with boundary components ∂M 1 , . . . , ∂M k . We assume k > 1. We consider domains Ω Σ with boundary components given by ∂M 2 , . . . , ∂M k and an embedded hypersurface Σ which is (compactly) homologous
(3.14)
If Σ 0 minimizes L(Σ),
Assume that Σ 0 can be written as Σ 1 + · · · + Σ k . Then either one of Σ i is in the interior of M or all of them intersect ∂M. In case all of them intersect ∂M , we argue as follows. We consider first the case that all of the Σ i intersect one of the ∂M j with j > 1. If Ω is the complement (in M ) of the neighborhood of ∪ j>1 (∂M j ) with radius of a Area (∂M 1 ), then (as we are assuming that each Σ i intersects one of the ∂M j with j > 1)
In particular, Area (
We have then proved the following lemma:
Lemma 3. On a compact manifold M with boundary ∂M 1 , ∂M 2 , . . . , ∂M k , let Σ 1 + · · · + Σ i be a sum of embedded cycles that minimizes the functional L(Σ) = Area (Σ) − n Vol Ω(Σ, ∂M 2 , . . . , ∂M k ), on the homology class of ∂M 1 . Then one of the Σ i 's does not In the case that M is obtained from a manifold with a Penrose compactification by "cutting off" the ends by t ≥ ǫ i for i ≥ 2, the inequality in Lemma 3 is obeyed if the ǫ i are sufficiently small.
We still need a condition to ensure that a component of Σ does not meet ∂M 1 . When ∂M 1 is a conformal boundary at infinity, the computation at the beginning of section 2
suggests that Σ will not be near ∂M 1 if ∂M 1 has positive scalar curvature; we want to make this more precise. In the present discussion, we have cut off the ends of M and ∂M 1 is an ordinary boundary; positive scalar curvature at conformal infinity implies that (when ∂M 1 is sufficiently close to infinity) the mean curvature of ∂M 1 is greater than n.
Thus in general the assumption we want is that ∂M 1 has mean curvature greater than n. There is a foliation in a neighborhood of ∂M 1 so that the leaves are given by level sets of the distance function to ∂M 1 . The mean curvature of the nearby level sets is still greater than n. The (outer) normal of these level sets defines a vector field v in a neghborhood of 
Hence Σ i cannot be part of the minimum of the functional L. In conclusion, if ∂M 1 has mean curvature strictly greater than n, it does not intersect any of the Σ i , and hence under the hypotheses of Lemma 3, there must be a component Σ i which does not intersect any boundary components ∂M j .
We can deduce the following:
Lemma 4. Let M be a compact manifold with boundary components ∂M 1 , . . . , ∂M k .
Assume that ∂M 1 has mean curvature greater than n.
, where a depends only on the upper bound of sectional curvature of M and the lower bound of the injectivity radius of
Then when we minimize the functional L(Σ) = Area (Σ) − n Σ Λ among embedded surfaces homologous to Σ which bound a domain with ∂M 2 ∪ · · · ∪ ∂M k , there must be a component of Σ which does not touch ∂M 1 ∪ · · · ∪ ∂M k . The singular set of Σ is a closed set with at least codimension seven Hausdorff dimension.
This last statement follows from regularity theorems of geometric measure theory.
The fact that the singular set has large Hausdorff codimension allows us to use arguments of section two. What one needs is to introduce in the computations in section 2 a cut off function ϕ which is zero on the singular set and one outside an ε-neighborhood of the set.
The contribution of ∇ϕ is In the statement of Theorem 3.1, the condition R ∂M 1 − R M > 1 2 n(n + 1) ensures that the mean curvature of the boundary is greater than n.
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